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Fig. 5 Prebuckling hoop stress resultant N<io> buckling
temperatures Tcr, circumferential waves n9 and modes for

case 2 (ring spacing = 1.025 in., see Fig. 2).

(17e) of Ref. 5, this moment of inertia is contained in a term
of the ring strain energy which is multiplied by the fourth
power of the circumferential wave number n. In these cases
35 < n < 75, so that this term represents a significant con-
tribution to the total strain energy of the system.

Note from Figs. 4 and 5 that if Iz is neglected, buckling is
antisymmetric about the rings; and if Iz is accounted for,
buckling is symmetric about the rings. The second term in
Eq. (17c) of Ref. 5 causes this difference in predicted behavior.
Additional of the effect of Iz essentially leads to a clamped
condition at the ring stations. It is emphasized that this
phenomenon will be less apparent if buckling is associated
with a smaller number of circumferential waves.
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Fig. 6 Prebuckling hoop stress resultant Mo, buckling
temperatures Tcr, circumferential waves n. and modes for

case 3 (see Fig. 3).
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Introduction

EMPIRICAL Bayes decision theory is used here to de-
velop a filter set for estimating the state of a linear

dynamic system which does not require any assumption about
the form of the underlying state disturbance error distribution
or any of its moments. The filter is applicable regardless of
the form of the unknown state error distribution and has been
shown to provide rather stable performance characteristics
for a variety of different shaped state error distributions.
Some distributional assumptions on the initial state vector
are also relaxed. The mean of this initial state vector is
required for starting the estimation process, but knowledge
of the covariance matrix and the form of the distribution is
unnecessary. Thus fewer total assumptions are required to
implement the filter. Finally, the filter developed here
may be combined with several existing procedures, for ex-
ample as in Refs. 1 or 2, for the case where the observation
error covariance matrices are unknown and are to be esti-
mated.

Statement of the Problem
Consider the following linear discrete dynamic system

Xn = <t>n,n-lXn-l + Un-\ (1)

with the linear set of observations on this system

where n is a time index, xn is a r X I system state vector, yn
is a p X 1 observation vector, $n,n-i is a r X r state transition
matrix, and Hnis&pXr matrix relating xn to yn. In addition,
it is assumed that 1) vn dist. Np(Q,Rn) (p-normal with mean
vector 0 and covariance matrix #»); 2) Cov(vn,vm) = dnmRn',
3) un-\ has an unknown and unspecified distribution which
remains stationary over time; 4) un is independent of um
for all n ^ m\ 5) un is independent of vm for all n and m;
6) E(x0) = c; and 7) 4>n,n-i,Hn,Rnjc are known. With these
assumptions, the problem is to estimate Xn from the observa-
tions 2/1,2/2, . . . , yn-
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Empirical Bayes State Estimation

A complete description of empirical Bayes estimation
is provided in Refs. 3-6 and a brief summary is provided in
Ref . 2. An empirical Bayes estimator for the mean 6n of
an r-normal distribution with known covariance matrix Sn is
given by7

din

where

(3)

where a prior density approximation gn(B) has been used for
the unknown prior density g(0) and where

diag[7i*(n), . . . , yr

(4)

•cr //) \Var(0y)

Pn = S^1 + IV1 (6)

Here Oi is the realized value of 6 at the ith estimation stage
and Biy is the jth component of 6i.

Consider Eq. (1) in the form

(8)

- (9)

(10)

(11)

where the transformation in Eq. (11). requires the matrix
(Hn

THn) to be of full rank. If (Hn
THn) is not of full rank

then the use of a suitable generalized inverse should be con-
sidered.8 From assumption 1 following Eq. (2), it follows
that, given un-i,rn will be conditionally normally distributed
with mean vector un-i and covariance matrix

Let

Using Eq. (2), qn can be rewritten as

qn = r
Define

or

Sn (13)
The empirical Bayes estimator in Eq. (3) can be used to

estimate the state disturbance error un-i, the conditional
mean of rn, provided a?0,*i, • • • , z»-i are known. To use the
empirical Bayes estimator at time tn for estimating un-\,
suitable estimates of x0)x1} . . . , xn-i are required. Since the
mean of XQ is assumed to be G,XO = c is a suitable estimate to
start the empirical Bayes filter, as no observations are avail-
able at time fo. The estimates & obtained at times t1}t2) . . . ,
Zn-i by means of the empirical Bayes filter can then be used
in lieu of Xi in forming the estimate of un-i.

Let

We thus have
(14)

(15)

Bn =

din = Tn + Fn-^

(16)

(17)

(18)

and where Sn is given by Eq. (13). In addition, Fn is given
by Eq. (4) in conjunction with Eq. (5) where 6a now becomes
the jth component of the vector ^-. After un-\ has been ob-
tained the estimate of xn becomes

= Xn

(19)

Improved Prior Density Approximation

By comparing Eqs. (3) and (15), we observe that rt- has
been substituted for Oi which is now represented by Ui-i. It
is desirable that the prior density approximation gn(u) be as
close as possible to the unknown density g(u). If ri} from
which gn(u) is formed, is such that

= E(Ui-i) (20)
and

Cov(ft) = (21)
then the distributions of h and Ui-\ will have a second order
match and an improved prior density approximation should
result. Unfortunately, n does not possess the second prop-
erty above. At the nth estimation stage define

(22)

(23)

Thus fn and Cn are estimates of the mean and covariance
matrix of un~\, respectively, at stage n. Suppose we define
A to be an r X r diagonal matrix with jth diagonal element

where [ ]# refers to the jth diagonal element of the indi-
cated matrix. Also define

By forming

b = (7 - A}fn

Ah + b,i= 1, , n

(25)

(26)

we now have that the expected value of r% is approximately
equal to the expected value of Ui-\ and that the variance of
each component of f »• is approximately equal to the variance
of the corresponding component of M,-_I. For small n (less
than five) sampling error may cause some diagonal element
of Cn to be negative which causes the corresponding diagonal
element of A to be imaginary. If this should occur, the par-
ticular element of A is then set equal to one.

With this improved prior density approximation, the filter
equations for estimating xn based on yi, . . . , yn become

where

(27)

(28)

and fi is given in Eq. (26) in conjunction with equations
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(22-25). All other terms in this equation are the same as
in Eq. (15) and xn is given by Eq. (19).

Performance Characteristics
The performance characteristics of the empirical Bayes

filter were investigated by Monte Carlo simulation for the
case p = r = 6. The ratio of the trace of the averaged
squared error matrix to the trace of the matrix Sn was used
as a scalar measure of performance. Thus a decreasing
performance ratio is associated with an increase in the per-
formance of the filter.

In Ref. 5 it was found that the performance of an empirical
Bayes estimator for estimating the mean of a multivariate
normal distribution depended upon a summary quantity
Z,: If Q is the covariance matrix of un, the summary quan-
tity here becomes

Zy = [Sn - (Q~l + Sn-1)-1k/[(G-1 + &-1)-1]/,- (29)

An average summary quantity Z was defined as

Z = E Zy/r (30)

For a fixed n, it was found that the performance ratio just de-
fined decreased as Z increased. Also, for a given situation,
the performance ratio was observed to decrease mono-
tonically with n until around n = 2 5 after which the per-
formance ratio was essentially flat. These results agree with
those of Ref. 5. It was also observed that the performance
of this filter was fairly stable when components of u were
generated from different shaped distributions except for a
U-shaped distribution for which it was considerably better.
This discrepancy is explained in Ref. 5.

Conclusions

An empirical Bayes filter has been developed for esti-
mating the; state of a discrete time linear system with linear
observations. Some distributional assumptions on the state
disturbance error as well as some distributional assumptions
on the initial state vector have been relaxed. Knowledge of
the forms of these distributions is not required for use of the
filter. It is required that the state disturbance error be
uncorrelated over time and be independent of the observa-
tion erroj; and that the state error .distribution remain sta-
tionary over time.

The performance of the filter has been examined by means
of Monte Carlo simulation. It has been found that the
performance of the filter does not depend significantly on
the form of the state disturbance error distribution used in
the simulation.

It has also been observed that the performance of the
empirical Bayes filter depends on the relative magnitude of
the observation error and state disturbance error covariance
matrices, all other parameters being held fixed. An index
has been presented which summarizes this relative magnitude,
and the performance of the filter has been found to increase as
this index increases.
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Separation of a Supersonic
Accelerated Flow over Notches

A. F. CHARWAT*
University of California, Los Angeles, Calif.

^EPARATED cavities in notches and grooves in the
^ boundary of a uniform supersonic flow have been de-
scribed extensively; the present Note discusses the effect of a
negative pressure gradient (i.e., freestream acceleration) on
the flow over such notches. Such situations occur in nozzle
flows, near the nose of blunt hypersonic vehicles, etc.

Experiments were conducted in a wind tunnel fitted with
nozzle blocks which generated a linear negative pressure
gradient over the test section. Reference 1 gives detailed
pressure distributions over the floor of the cavity and impact-
pressure profiles through t}ie shear layer. The equipment is
described in Ref. 1 (also Ref. 2, which reports on similar
studies of down-stream-facing steps).

Rectangular notches 0.5 and 1 in. deep with variable lengths
were tested. The Mach number immediately ahead of
separation was 1.81. The pressure gradient (and therefore
the Mach number gradient) h; the undisturbed stream over the
region of the notch is characterized by a scale length

X = - [(Pt/P,)d(P/P^/dx}-\ (1)
where PO is the static pressure immediately upstream of
separation. The values of A"1 used in these experiments was
oo (uniform flow), 9.17 and 5.77 (in.). The upstream bound-
ary layer was fully turbulent and the ratio of its thickness
relative to the notch depth varied between 0.2 and 0.4.

Fig. 1 Variation of the cavity pressure ratio in accelerated
flow.
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